Introduction
Let F , G and H be graphs. A G-decomposition of F is a partition of the edge set of F into copies of G. If F has a G-decomposition, we say that F is Gdecomposable. A (G, H)-decomposition of F is a partition of the edge set of F into copies of G and copies of H with at least one copy of G and at least one copy of H. If F has a (G, H)-decomposition, we say that F is (G, H)-decomposable.
Preliminaries
Let G = (V, E) be a graph. For sets A ⊆ V (G) and B ⊆ E(G), we use G[A] to denote the subgraph of G induced by A and G − B (respectively, G + B) to denote the subgraph obtained from G by deleting (respectively, adding) the edges in B. When G 1 , . . . , G t are graphs, not necessarily disjoint, we write G 1 ∪ · · · ∪ G t or t i=1 G i for the graph with vertex set t i=1 V (G i ) and edge set t i=1 E(G i ). When the edge sets are disjoint, G = t i=1 G i expresses the decomposition of G into G 1 , . . . , G t . For a graph G and a positive integer λ ≥ 2, we use λG to denote the multigraph obtained from G by replacing each edge e by λ edges, each of which has the same ends as e.
The following results are essential to our proof.
Lemma 1 [7] . For integers m and n with m ≥ n ≥ 1, the graph K m,n is S kdecomposable if and only if m ≥ k and
Lemma 2 [5] . λC n,ℓ is S k -decomposable if and only if k ≤ ℓ and λnℓ ≡ 0 (mod k).
Lemma 3 [5] . Let {a 0 , . . . , a n−1 , b 0 , . . . , b n−1 } be the vertex set of the multicrown λC n,ℓ . Suppose that p and q are positive integers such that q < p ≤ ℓ. If λnq ≡ 0 (mod p), then there exists a spanning subgraph G of λC n,ℓ such that deg G b j = λq for 0 ≤ j ≤ n − 1 and G has an S p -decomposition.
Lemma 4 [6] . For positive integers k and n, C n,n−1 is C k -decomposable if and only if n is odd, k is even, 4 ≤ k ≤ 2n, and n(n − 1) ≡ 0 (mod k).
Covering numbers
In this section the covering number of C n,n−1 with k-cycles and k-stars is determined.
Lemma 5 [4] . If k is an even integer with k ≥ 4, then C k+1,k is not (C k , S k )decomposable.
Lemma 6. If k is an even integer with k ≥ 4, then C k+1,k has a (C k , S k )-covering with padding S k .
Proof. By Lemma 4, we have that
We obtain the following result by Lemmas 5 and 6.
Lemma 8 [4] . If k is an even integer with k ≥ 4, then C 2k,2k−1 is (C k , S k )decomposable.
Lemma 9. For integers r and k with r ≥ 3 and k > r(r + 1), C k+r+1,k+r can be decomposed into one copy of r(r + 1)-cycle and k + 2r + 1 copies of k-stars.
Proof. Let s = r(r + 1)/2. Trivially, k + r + 1 > s.
and H = H 0 − E(C). Trivially, C is an r(r + 1)-cycle in H 0 and H = C s,s−3 . Note that r − 2 < s − r − 1 for r ≥ 3 and s(r − 2) = rs − r(r + 1) = r(s − r − 1). By Lemma 3, there exists a spanning subgraph X of H such that deg
Thus there are s + r + k + r − s + 1 = k + 2r + 1 copies of k-stars. This completes the proof.
Lemma 10. Let k be a positive even integer and let n be a positive integer with
Proof. Let n − 1 = k + r. From the assumption k < n − 1 < 2k − 1, we have 0 < r < k − 1. The proof is divided into two parts according to the value of r.
where the subscripts of b's are taken modulo k + 1 in the set of numbers {0, 1, . . . , k}. By Lemma 1, we obtain that D 1 and D 2 have k-star decompositions a 0 , a 1 , . . . , a k−1 b j and b 0 , b 1 , . . . , b k−1 a i for k + 1 ≤ i, j ≤ k + r, respectively. 
where the subscripts of a's and b's are taken modulo n. Then
Note that a k b k−1 a k+1 ∪ R 1 is a k-cycle. Hence C k+2,k+1 + E(R 1 ) can be decomposed into k + 3 copies of k-stars and one copy of k-cycle, that is, C k+2,k+1 has a (C k , S k )-covering C 1 with |C 1 | = k + 4 and padding R 1 .
Define a (k − 6)-path R 2 as follows.
Note that b k+1 a k b k+2 a k+1 b k a k+2 b 1 ∪ R 2 is a k-cycle. Hence C k+3,k+2 + E(R 2 ) can decomposed into k + 5 copies of k-stars and one copy of k-cycle, that is, C k+3,k+2 has a (C k , S k )-covering C 2 with |C 2 | = k + 6 and padding R 2 .
Case 2. r ≥ 3. Let s = r(r + 1)/2 and H 0 , H 1 and H 2 be the graphs defined in the proof of Lemma 9. Define a (k − 2s)-path R 3 as follows.
where the subscripts of a's and b's are taken modulo n. Let S be the k-star with center b 1 and C be the 2s-cycle mentioned in Lemma 9. Then
Note that a k+r b 1 a 0 b 2 a 1 b 3 a 2 · · · b s−1 a s−2 b 0 a s−1 ∪R 3 is a k-cycle. Hence C k+r+1,k+r + E(R 3 ) can be decomposed into k + 2r + 1 copies of k-stars and one copy of k-cycle, that is, C k+r+1,k+r has a (C k , S k )-covering C 3 with |C 3 | = k + 2r + 2 and padding R 3 . This settles Case 2.
Before plunging into the proof of the case of (n − k)(n − k − 1) ≥ k, a result due to Lee and Lin [4] is needed.
Lemma 11 [4] . If k is an even integer with k ≥ 4, then there exist k/2 − 1 edge-disjoint k-cycles in C k/2,k/2−1 ∪ K k/2,k/2 . Lemma 12. Let k be a positive even integer and let n be a positive integer with
Note that G 0 and G 1 are isomorphic to C k/2,k/2−1 ∪ K k/2,k/2 , G 2 is isomorphic to K r+1,k , which is S k -decomposable by Lemma 1, and G 3 is isomorphic to K k,r+1 ∪ C r+1,r . Let p 0 = ⌈α/2⌉ and p 1 = ⌊α/2⌋. In the following, we will show that, for each i ∈ {0, 1}, G i can be decomposed into p i copies of C k and k/2 copies of S k−2p i −1 , and G 3 can be decomposed into k/2 copies of S 2p i +1 and r + 1 copies of S k ′ , k ′ ≤ k, such that the (k − 2p i − 1)-stars and (2p i + 1)-stars have their centers in A ′′ i . We first show the required decomposition of G i for i ∈ {0, 1}. Since r < k − 1, we have r + 1 < k, and in turn α < r. Thus,
. This assures us that there exist p i edge-disjoint k-cycles in G i by Lemma 11. Suppose that Q i,0 , . . . , Q i,
. . , k/2 − 1}. Since deg G i a ik/2+j = k − 1 and each Q i,h uses two edges incident with a ik/2+j for each i and j, we have deg F i a ik/2+j = k − 2p i − 1. Hence X i,j is a (k − 2p i − 1)-star with center a ik/2+j .
Next we show the required star decomposition of G 3 . For j ∈ {0, . . . , k/2−1}, let
where the subscripts of b's are taken modulo r + 1 in the set of numbers {k, k + 1, . . . , k + r}. Since 2p 1 + 1 ≤ 2p 0 + 1 ≤ α + 2 ≤ r + 1, this assures us that there are enough edges for the construction of X ′ 0,j and X ′ 1,j . Note that X ′ i,j is a (2p i + 1)-star and X i,j ∪ X ′ i,j is a k-star for i ∈ {0, 1}, j ∈ {0, . . . , k/2 − 1}. On the other hand, let k − β = τ (r + 1) + ρ where τ ≥ 0 and 0 ≤ ρ ≤ r. We have that
Hence there exists a decomposition G of
into ρ copies of (k − τ − 1)-star with center b w for w = k, k + 1, . . . , k + ρ − 1 and r + 1 − ρ copies of (k − τ )-star with center b w for w = k + ρ, k + ρ + 1, . . . , k + r, that is,
Define a star Y ′ w as follows.
where b w a wt ∈ E(X ′ i,j ) for 1 ≤ t ≤ τ + 1. Since E i∈{0,1} j∈{0,...,k/2−1} X ′ i,j = (α+1)k, |B ′′ 1 | = r+1 and (τ +1)(r+1) = τ (r+1)+(r+1) = (k−β−ρ)+(r+1) < 2k ≤ (α + 1)k, it follows that τ + 1 < (α + 1)k/(r + 1). This assures us that there are enough edges for the construction of Y ′ w . Note that Y w + E(Y ′ w ) is a k-star. Hence C n,n−1 has a (C k , S k )-covering C 4 with padding w∈{k,k+1,...,k+r} Y ′ w and |C 4 | = (k + r + 1) + (r + 1) + α = k + 2r + 2 + α = ⌈n(n − 1)/k⌉. This completes the proof. Now, we are ready for the main result of this section.
Theorem 13. Let k be a positive even integer and let n be a positive integer with 4 ≤ k ≤ n − 1. Then
Proof. Since |E(C n,n−1 )| = n(n − 1), we have that c(C n,n−1 ; C k , S k ) ≥ ⌈n(n − 1)/k⌉. Let n − 1 = qk + r, where q and r are integers with q ≥ 1, 0 ≤ r ≤ k − 1.
We consider the following two cases.
Case 1. q = 1. For r = 0, the result follows from Corollary 7. If r = 0, by Lemmas 8, 10 and 12, C k+r+1,k+r has a (C k , S k )-covering C with |C | = ⌈(k + r + 1)(k + r)/k⌉. Case 2. q ≥ 2. Note that C n,n−1 = C qk+r+1,qk+r = C (q−1)k+1,(q−1)k ∪ C k+r+1,k+r ∪ K (q−1)k,k+r ∪ K k+r,(q−1)k .
Trivially, |E(C (q−1)k+1,(q−1)k )|, |E(K (q−1)k,k+r )| and |E(K k+r,(q−1)k )| are multiples of k, by Lemmas 1 and 2, we have that C (q−1)k+1,(q−1)k , K (q−1)k,k+r and K k+r,(q−1)k have S k -decompositions A (1) , A (2) and A (3) with A (1) = (q − 1)((q − 1)k + 1), A (2) = A (3) = (k + r)(q − 1). For the case of r = 0, by Lemma 4, C k+1,k has a C k -decomposition C with |C | = k + 1. Hence C n,n−1 is (C k , S k )-decomposable, that is, C n,n−1 has a (C k , S k )-covering 3 i=1 A (i) ∪C with cardinality (q−1)((q−1)k+1)+k(q−1)+k(q−1)+k+1 = q(qk+1) = n(n−1)/k. For the other case of r = 0, by Lemmas 10 and 12, C k+r+1,k+r has a (C k , S k )covering C ′ with |C ′ | = ⌈(k + r + 1)(k + r)/k⌉. Hence 3 i=1 A (i) ∪ C ′ is a (C k , S k )covering of C n,n−1 with cardinality (q − 1)((q − 1)k + 1) + (k + r)(q − 1) + (k + r)(q − 1) + ⌈(k + r + 1)(k + r)/k⌉ = ⌈(qk + r + 1)(qk + r)/k⌉ = ⌈n(n − 1)/k⌉. This completes the proof.
